The supersymmetric extension of a model introduced by Lukierski, Stichel and Zakrewski in the non-commutative plane is studied. The Noether charges associated to the symmetries are determined. Their Poisson algebra is investigated in the Ostrogradski-Dirac formalism for constrained Hamiltonian systems. It is shown to provide a supersymmetric generalization of the Galilei algebra with a two-dimensional central extension.
Introduction
There has been an increased interest lately in the study of physics in noncommutative space-time. This stems, in particular, from advances in string theory [1] and from the Connes program [2, 3] (see also [4] ). In this context, two models [5, 6] with interesting features were recently introduced in the noncommutative plane in independent and different ways. In the two cases, which have been shown to be related with each other [7] , 2 the non-commutativity of the space coordinates is intimately related to the invariance of the model under the Galilei group with a two-dimensional central extension. While the dynamics is described using coadjoint orbits and canonical symplectic structures in ref. [5] , the Lagrangian picture is used in ref. [6] . In this letter, we shall focus exclusively on the latter description, which posits a non-relativistic classical model in two dimensions described by the Lagrangian where ǫ ij is the Levi-Civita antisymmetric metric [6] , and where, as will be the case throughout the paper, the Einstein convention on the summation of repeated indices is employed. The model (1.1) was shown to have the (2+1)-Galilean symmetry [9] with a two-dimensional central extension parametrized by the mass m and the coupling parameter k.
We study in this letter a supersymmetrized version of the model (1.1), which has been also introduced in ref. [10] . 3 In addition to the intrinsic interest of the generalized model, an additional motivation is the exploration of the supersymmetric enlargement of the Galilei algebra with a two-dimensional central extension. We shall also identify the presence of the higher conformal and superconformal symmetries in the original and in the supersymmetric models.
The letter is organized as follows. In section 2, we introduce the supersymmetric model. In section 3, the equations of motion and the canonical structure of the supersymmetric model are presented through the Ostrogradski-Dirac formalism. In section 4, we obtain the Noether charges associated with the symmetries and investigate the Poisson algebra that they generate. The final section includes a summary and concluding remarks.
The supersymmetric model and its symmetries
We shall consider a generalization of the Lagrangian (1.1) which involves the addition of a two-dimensional free-fermion term:
Quite recently, a difference between the models in refs. [5, 6] is reported [8] . 3 The authors appreciate P. Stichel for drawing our attention to the reference.
and that of supplementing terms so that L be invariant under the infinitesimal supersymmetric transformation,
. It is straightforward to check that the following Lagrangian
remains invariant under the infinitesimal supersymmetric transformation (2.1) up to a total time-derivative. 4 To be more specific, we have
We shall refer to the system described by the Lagrangian (2.2) as the sLSZ model.
Extending the symmetry analysis of L b [6, 9] to the system containing the Grassmannian variables [11, 12] , we observe that the sLSZ model exhibits Galilean supersymmetry. The corresponding transformations take the form,
where the infinitesimal parameters φ b,f , v i , d i , δ i and τ are respectively the rotation angles of the bosonic and fermionic variables, the velocity of the Galilei boost of the bosonic variables and the translation shifts of the bosonic, fermionic and time variables. Among the parameters, only δ i are Grassmannian, or fermionic. The sLSZ model is shown to be strictly invariant under the time and space translations as well as under the rotations, 5) and furthermore, to be invariant under the Galilei boosts for the bosonic coordinates up to a total time-derivative,
4 Equation (14) in [10] gives L
SUSY ∼ L b + mL f , which is essentially the same as eq. (2.2). The slight difference of the Lagrangians comes from the non-essential difference of the definitions of the supersymmetric transformation, eq. (2.1) and
We should note that the Grassmannian variables do not transform under Galilei boosts:
The sLSZ model is also observed to have conformal and superconformal symmetries [13] . Consider the infinitesimal dilations, conformal and superconformal transformations given by
where g b,f , h b,f and the Grassmannian variable β are infinitesimal parameters.
In each of these cases, the Lagrangian remains invariant up to a total timederivative:
The equations of motion and the canonical structure
The Euler-Lagrange equations d dt
reduce to the following equations of motion for our model:
Note that the right derivative [11, 12] is employed to define the derivative in the fermionic coordinates. This convention will be used throughout the paper.
Due to the presence of second order time-derivatives in the Lagrangian, in order to formulate the sLSZ model in the Hamiltonian description of the Ostrogradski formalism, we need to introduce three kinds of momenta:
2a)
This suggests that twelve canonical variables {x i ,ẋ i , p i ,p i ; ξ i , π i } should be employed. However, the elements in this set of canonical variables are not independent, as can be seen from eq. (3.2b), which leads to two constraints,
of the second class [14] . Therefore, any physical quantity can be described in terms of only ten coordinates. For instance, using the Legendre transformation,
we obtain the Hamiltonian of the sLSZ model in terms of the ten coordinates
When investigating the canonical equations of motion and the Poisson algebra of the sLSZ model, it is necessary to use the graded Poisson bracket as well as the Dirac bracket. Let A, B be either bosonic or fermionic valued differentiable functions of the canonical variables {x i ,ẋ i , p i ,p i ; ξ i , π i }. The graded Poisson bracket {A, B} can be defined (in a non-graded form) as
(3.5) The canonical Poisson brackets among the canonical variables are then
Due to the constraints Φ i , we need to use the Poisson bracket defined on the reduced phase space, which is nothing but the Dirac bracket [14] ,
where the matrix C is defined through the relation C ik {Φ k , Φ j } = δ ij . Substitution of the constraints (3.3) gives the Dirac bracket for the sLSZ model:
Choosing the independent variables as y a := {x i , p i ,p i ; ξ i , π i }, a = 1, . . . , 10, we then have
where
and where 0 denotes the 2 × 2 null matrix.
Using the Dirac bracket, the canonical equations of motion read aṡ y a = {y a , H} D + ∂y a ∂t .
In the case of the sLSZ model, this leads tȯ 8) which is consistent with the Euler-Lagrange equations (3.1b) derived from the Lagrangian. We should note that the equations of motion and the Dirac brackets of the Grassmannian variables can be cast into a simpler form using the variables
as they then reaḋ
We shall now investigate the Poisson algebra of the conserved charges of the sLSZ model.
The Noether charges and their Poisson algebra
Let the sLSZ Lagrangian with its independent variables L = L(x i ,ẋ i ,ẍ i , ξ i ,ξ i ) be denoted for short as L(x i , ξ i ). According to Noether's theorem, the invariance, up to a total derivative, of the Lagrangian L with respect to the infinitesimal transformation, δx i , δξ i , that is
implies the conservation of a quantity of the form
Applying the formula (4.1) to each symmetry transformations (2.1), (2.4) and (2.7) (except the time-translation) provides the following 12 conserved quan-tities:
space-translation:
conformal:
In order to replace the time-derivatives of the coordinates with the canonical momenta, we have used the following relations derived from the definitions of the canonical momenta (3.2) and the equations of motion (3.8):
..
As can be seen in eq. (2.2), the Lagrangian of the sLSZ model does not explicitly depend on the time t, i.e.
∂L ∂t = 0. Hence, the conserved quantity corresponding to the time-translation is given by the Hamiltonian (3.4).
We have thus obtained 13 Noether charges: the Hamiltonian (3.4) plus the 12 quantities appearing in (4.2). We now turn to the Poisson algebra that these Noether charges generate.
Since the bosonic and the fermionic coordinates are decoupled in the Hamiltonian (3.4), the bosonic and fermionic parts of the Hamiltonian, H b and H f , are independently conserved. Moreover, the canonical momenta p i are conserved, as is the case in the interaction-free model. We can thus separate the Hamiltonian (3.4) into three individually conserved quantities, H 0 , H k and
where the quantitiesP
are the non-commuting modified momenta introduced in ref. [6] . From the definition of the canonical momenta (3.2), we havẽ
and thus observe immediately that H k and H f vanish in the limit k → 0.
The Noether charge associated to the superconformal transformation S in eq. (4.2) can also be divided into two independently conserved quantities,Q and F , In addition to F , three kinds of "quadratic" conserved quantities,
arise from the closure of the Dirac brackets. These constructions are similar to that of F , in the sense that they are all products of the linear Noether charges of eq. (4.2).
The Dirac brackets among the conserved charges, 
We note that H k + H f has a vanishing Dirac bracket with every charge when it is placed to the right in the bracket, Table 4 .1 The Dirac brackets among the conserved charges. The item in the l-th line and c-th column of the table is {A, B} D , where A and B are respectively the conserved charges of the l-th line and c-th column. We omit the items in the lower triangular part of the table since they can be obtained, up to a sign, from the corresponding items in the symmetric position with respect to the diagonal (when the corresponding item is underlined, the signs are the same. Otherwise they are different).
This result might suggest that H k + H f belongs, like the charges associated to the mass m and to the parameter k, to the center of the Poisson algebra. But this is actually not the case, because it has a non-vanishing Dirac bracket with Q andQ when it is placed to the left of the bracket,
for every other bracket. In a similar way, we observe that
while {·, H k − H f } D = 0, for all the other ones. Such asymmetries in the Poisson algebra are also seen when charges made out of bosonic and fermionic parts are considered (like for instance J b ± J f ).
As we can readily see from eqs. (4.3) and (4.5), H k and H f vanish in the limit k → 0. Even though the other conserved charges neither vanish nor diverge in this limit, some linear combinations of the charges accidentally vanish. This allows to reconcile our results with those of the well-known k = 0 situation. For example, E + Q andẼ +Q that respectively appear as Dirac brackets of Q and Q with H k and H f in table 4.1,
(4.9) should vanish in the limit k → 0 (even though a factor 1/k appears) since H k and H f vanish in this limit. Using the definitions of the charges (4.2) and (4.7), as well as the expressions for the canonical momenta and the modified second momenta in the original coordinates (4.5), one obtains that
and thus that all Dirac brackets in eq. (4.9) indeed vanish when k → 0. It should be remarked that both E + Q andẼ +Q have vanishing Dirac brackets
The above Poisson algebra (4.8) contains as subalgebras the Galilei algebra, and the two subalgebras obtained by considering only the quantities generated respectively by the bosonic and fermionic variables. The linear generators
K} also form subalgebras. Besides such obvious subalgebras, the Poisson algebra has a subalgebra generated by {p i , θ
, which is the smallest subalgebra that simultaneously contains the Noether charges associated with the Galilean and supersymmetric transformations as well as the full information of the Hamiltonian. We should note that the interaction parts of the bosonic and fermionic Hamiltonians, H k and H f , are in the centers of the subalgebras generated by the bosonic and fermionic variables respectively. We finally remark that there obviously exist other nontrivial subalgebras such as, for instance, {E + Q,Ẽ +Q, H k + H f }.
Concluding remarks
The sLSZ model (2.2) is a supersymmetric version of the Lagrangian (1.1). As we have shown, the sLSZ model remains invariant under the supersymmetric transformation (2.1), the (2+1)-dimensional Galilean supersymmetry (2.4), and the conformal and superconformal symmetries (2.7). Using the OstrogradskiDirac formalism for constrained Hamiltonian systems, the Poisson algebra associated with the Noether charges of the sLSZ model was investigated in detail, as was summarized in table 4.1.
Conformal aspects of the bosonic model (1.1) is discussed in ref. [15] , where the model is extended by a Coulomb and a magnetic vortex interactions. In the context of non-commutative geometry, a modification of the non-commutative coordinates introduced in ref. [6] 
where a dimensionless constant a = 1 5 is proposed [16] , in order to make them behave as a Galilean vector,
Another non-commutative coordinates that introduce an interesting split into "external" and "internal" degrees of freedom are discussed for the sLSZ model [10] . We expect that further studies in such directions will be highly suggestive towards the spectrum generating algebra and the representation theory of the sLSZ model as well as its generalizations.
